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Abstract. In the paper we present a method, dif-
ferent from those presented in literature, for pro-
gressive representation of two dimensional con-
tours. The method is based on fractal representa-
tion of a set of linear and quadratic curves that ap-
proximate a given contour. If one knows IFS for
fractal rendering of every part of the contour, then
using the set of all IFSs (the so-called PIFS) it is
possible to generate that contour fractally. When
starting iterations from a single points belonging
to the segments of the contour in every iteration
further points lying on the contour are generated.
In every iteration number of points placed on the
contour is doubling. So, the contour is present-
ed progressively in higher and higher resolution
showing gradually larger number of details.

1. Introduction. Curves are used in many ap-
plications in CAD/CAM and computer graphics.
Using them, e.g. high quality fonts can be de-
signed or 2D shapes can be modelled. Curves for
such applications should have flexible representa-
tions allowing their easy editing, smoothing and
scan conversion. For such applications subdivi-
sion curves, multiresolution curves and progres-
sive ones are used. Recall, in short what we mean
by the mentioned curves.

Subdivision curves [2],[3],[12],[13] are pro-
duced starting with a set of coarse pointsPk from
which a larger set of pointsPk+1, using a subdi-
vision matrixS, is obtained. This process is re-
peated a finite number of times to get the finer set
of points. Successive application of subdivision
leads to a hierarchy of curves, which converge to
a smooth limit curve. Subdivision process can be
described by the following formula:

SPk = Pk+1. (1)

There are known many subdivision schemes
e.g. Chaikin’s [2], de Casteljau, Dyn-Gregory [3].

Multiresolution (MR) [4], [11] is a kind of rep-
resentation which allows the user to change a high
resolution into a lower one, in such a way that the
original data can be reconstructed correctly. High-
er resolution means that details are well recog-
nizable whereas they are lost in lower resolution.
There are known at least two main approaches to
multiresolution. The first one is based on classi-
cal wavelets [12]. Another approach to construct
MR is using reverse subdivision [1],[10]. This is
because any subdivision scheme converts a low
resolution approximation to a higher one, where-
as reverse subdivision works in opposite – it con-
verts a high resolution approximation to a lower
one.

In the paper we present a method, that applies
results given in [5],[6]. The method is different
from those presented in literature, for progressive
representation of two dimensional contours. The
presented method is based on fractal representa-
tion [8],[9] of a set of linear and quadratic curves
that approximate a given contour. If one knows
IFS for fractal rendering of every part of the con-
tour, then using the set of all IFSs (the so-called
PIFS) it is possible to generate that contour frac-
tally. When starting iterations from a single points
belonging to the segments of the contour on ev-
ery iteration, further points lying on the contour
are generated. In every iteration number of points
placed on the contour is doubling. So, the contour
gradually is presented in higher and higher reso-
lution with larger number of details. If additional-
ly, one joins those points by linear segments then
even on early iterations a good representation of
the given contour is obtained. To perform the pro-



cess of progressive representation it is needed the
same small amount of information on every itera-
tion step. That information is stored in the coeffi-
cients of IFSs easily computed using points defin-
ing every segment. The technique introduced can
have various applications such as view-dependent
rendering, flexible editing and progressive trans-
mission.

2. Curves as fractals. Fractals are self-similar
objects that can be obtained iteratively using the
following basic transformations: translation, rota-
tion, scaling, shears. Those transformations can
be described as follows:

{

x′ = ax + by + e,

y′ = cx + dy + f,
(2)

where[x, y] and[x′, y′] are a point and its image,
respectively inR2, a, d are coefficients responsi-
ble for scaling,e, f for translation, andb, c for
shears and rotation.

Using homogenous coordinates the above
transformation can be presented in the matrix
form:

[

x′ y′ 1
]

=
[

x y 1
]

· F, (3)

where

F =





a c 0

b d 0

e f 1



 . (4)

Matrix F defines the so-called affine transfor-
mation. IFS (Iterated Function System) is a col-
lection of affine transformations. Only IFSs con-
sisting of contractive affine transformations (such
that they decrease distance) can produce attrac-
tors i.e. fractals using deterministic or probabilis-
tic algorithms. Usually, thinking about fractals we
have in mind very complex objects and we do
not consider smooth curves to be fractals. But, in
reality, they are fractals. For example, following
[5] it is known that quadratic Bézier curve that
is defined by three control pointsP0 = [x0, y0],
P1 = [x1, y1], P2 = [x2, y2] can be generated
fractally using IFS of the following form:

IFS = {P−1 · L · P, P−1 · R · P}, (5)

where

L =





1 0 0

1/2 1/2 0

1/4 1/2 1/4



, R =





1/4 1/2 1/4

0 1/2 1/2

0 0 1



 ,

P =





x0 y0 1

x1 y1 1

x2 y2 1



 ,

(6)

P−1 denotes the inverse matrix toP . P−1 exists,
when pointsP0, P1 ,P2 are not co-linear.

Fig.1 demonstrates fractal generation of a
quadratic curve approximation using determinis-
tic algorithm that starts from a single point or
a triangle, respectively. If additionally, starting
point belongs to the curve (as e.g.P0 or P2) then
all further generated points lie on the curve and
they are distributed almost uniformly along that
curve. Observe, that in every iteration, when start-
ing from a single point, the number of generated
points increases twice on each iteration. So, the
curve is presented in higher and higher resolu-
tion that increases gradually. Moreover, it is eas-
ily seen that when starting from a triangle or any
other initial shape one obtains the same resulting
quadratic curve. But, the curve is better recog-
nizable already on early iterations when starting
from a single point.

A linear segment with endsP0 = [x0, y0],
P1 = [x1, y1] can also be generated fractally us-
ing IFS of the following form:

IFS = {f1, f2}, (7)

where

f1 =





1/2 0 0

0 1/2 0

x0/2 y0/2 1



 ,

f2 =





1/2 0 0

0 1/2 0

(x0 + x1)/2 (y0 + y1)/2 1



 .

(8)

The form of IFS producing a linear segment
is obvious. Every linear segment is similar to its
halfs: the right one and the left one. So scaling
with 1/2 coefficients and suitable translations are
needed to produce it. When starting iterations, in
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Fig. 1. Approximation of a quadratic Bézier curve generated fractally, iterations:2, 4, 6. Top – start from a single

point, bottom – start from a triangle.

deterministic algorithm, from a single point be-
longing to the segment (as e.g.P0 or P1) one
obtains uniformly distributed points lying on the
segment. The resulting linear segment can also
be generated starting from a triangle or any other
shape. But start from a single point assures that
the line is well recognizable on early iterations.

Fig.2 demonstrates fractal generation of a lin-
ear segment approximation using deterministic
algorithm that starts from a single point or a tri-
angle, respectively.

So then, we conclude that quadratic curves and
linear segments can be generated fractally. They
can be treated as fractal primitives which can be
used to built up any contour.

3. Simple contour fractally. Basing on infor-
mation from previous section one can obtain frac-
tally any contour approximation that can be mod-
elled using segments being, e.g. quadratic Bézi-
er or linear curves. Further, we assume that seg-
ments are joined together withC0 continuity.
However, it is possible to join them withC1 conti-
nuity obtaining everywhere smooth contours. Ev-
ery linear or a quadratic segment can be repre-
sented with the help of its IFS. The set of all such
IFSs forms a PIFS giving fractal representation of
the contour. To obtain a given contour in a fractal
way one can use deterministic algorithm simulta-
neously to every IFS obtaining fractally the con-
tour. When starting from a single point from itera-
tion to iteration one obtains more and more points
lying on the contour.

In Fig.3 an approximation of a heart generated
fractally is presented. The heart is modelled using
four quadratic Bézier curves. From iteration to it-
eration more and more points are placed on the
contour. The deterministic algorithm has started
from two single points that are lying on suitable
parts of the contour. It is easily seen that points
are almost uniformly distributed on the contour.

Of course, it is possible to perform different
number of iterations for every segment. So, it is
possible to generate a chosen part of the contour
with smaller or larger resolution, as it is presented
in Fig.4.

Here, it should be pointed out that one can
change resolution easily only on segments from
which the contour originally is built up. But of
course, every segment can be divided into at
least two parts of the same kind. Namely, linear
segments can be split into linear segments and
quadratic curves into parts also being quadratic
curves (using, e.g. de Casteljau algorithm). So
then, a user flexible can change resolution of an
arbitrary chosen part of the contour. Also one can
change resolution of a contour from low to high
and vice versa, by simple choosing the number of
iterations that should be performed by determin-
istic algorithm starting from a single points.

4. Complex contours fractally. Assume now,
that some contour is given. For example, it can
be modelled manually or extracted from an im-
age using image processing techniques. The pro-
cess of contour extraction will not be described
here. So, we start our further considerations from
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Fig. 2. Approximation of a linear segment generated fractally, iterations:2, 4, 6. Top – start from a single point,

bottom – start from a triangle.
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Fig. 3. Approximation of a heart generated fractally, iterations:2, 4, 6.
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Fig. 4. Segments of the heart contour generated fractally with different resolutions.

the given contour. The contour can be split in-
to a finite number of linear segments or quadrat-
ic curves that exactly or approximately represent
it. Contour division can be done using the well-
known segmentation algorithms, e.g. IPAN’99
[14] which is the one of the most effective seg-
mentation algorithms. It finds points on the con-
tour with the highest curvature. Further, for ev-
ery segment of the given contour, we know its
IFS. All those IFSs form PIFS. Similarly, as in the
case of fractal rendering of the heart from previ-
ous section, one can generate fractally any con-
tour basing on its PIFS.

In Fig.5 we present an airplane contour gener-
ated fractally with the help of35 IFSs. Obtained
points are joined by lines. So, the airplane contour
is well recognizable after performing few itera-
tions. It is easily seen that the airplane contour is
generated progressively showing gradually more
and more details.

5. Chaikin’s subdivision and its reverse. Con-
sider Chaikin’s subdivision applied ton > 3

points creating a polygonal line, as in Fig.6.
In a sequel, every side of the polygonal line is

divided in the ratio1/4 : 1/2 : 1/4. Two new
points are put and the corner is cut. In such a way
from iteration to iteration the polygonal line hav-
ing a greater number of sides is created and is
getting more smooth – producing the limit curve
p∞. Subdivision can be described with the help of
a bi-diagonal matrix having in its rows elements
1/4, 3/4, or equivalently by the following recur-
rence:

{

pk+1

2j = 3

4
pk

j + 1

4
pk+1

j ,

pk+1

2j+1
= 1

4
pk

j + 3

4
pk+1

j ,
(9)

wherek denotes the number of subdivision itera-
tion andj enumerates points. From the above re-
currence one can compute:

pk
j =

3

2
pk+1

2j−1
−

1

2
pk+1

2j . (10)



Fig. 5.Contour of an airplane generated fractally (iterations:0, 1, 2) with 35, 70 and140 points, respectively joined

by lines.
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Fig. 6. Chaikin’s cutting corner algorithm.

The pointpk
j can also be computed using the other

pair of points:

pk
j =

3

2
pk+1

2j−2
−

1

2
pk+1

2j−3
. (11)

After computing the mean value of two above rep-
resentations ofpk

j we obtain:

pk
j = −

1

4
pk+1

2j−3
+

3

4
pk+1

2j−2
+

3

4
pk+1

2j−1
−

1

4
pk+1

2j .

(12)
From the last equation it is possible to find an

approximate dependency between points of low-
er level and higher level of subdivision. It means
that it is possible to reverse Chaikin’s subdivision.
In Fig.7 the performance of Chaikin’s subdivision
is presented, whereas in Fig.8 the performance of
reverse Chaikin’s subdivision is showed.

In Fig.9 we present reduction of points of the
airplane contour having originally 1108 points us-
ing reverse Chaikin’s subdivision algorithm. The
experiment has been performed with the help of
the program from [7].

Comparing Fig.5 with Fig.9 it is easily seen
that in both methods the number of points changes
from iteration to iteration twice. But in both meth-
ods the points are distributed along the airplane
contour differently. In fractal method, at early it-
erations, the contour is well recognizable – much

better than in reverse Chaikin’s subdivision with
the same number of contour points. That obser-
vation has been approved by many experiments
carried out by the authors. It is easy to explain
that fact. Really, at the very beginning of itera-
tion process in fractal method points placed on a
contour comes from IPAN99 algorithm that ex-
tracts the most significant points of the contour –
namely points with the highest curvature. Reverse
Chaikin’s subdivision algorithm treats all points
of the contour equally. So, during points reduction
process those the most significant points often can
be eliminated.

6. Conclusions. In the paper we showed how to
generate any contour progressively using fractal
algorithm. Similar results can be obtained using
Chaikin’s subdivision and its reverse. From the
experiments we conclude that the fractal method
can be a good alternative for reverse Chaikin’s
subdivision. The fractal method seems to be less
complicated than reverse Chaikin’s subdivision.
In both methods the number of points on the con-
tour is changing from iteration to iteration twice.
The results of the paper can be extended from
curves to surfaces. Really, it is known following
[8] how to generate fractally patches obtained via



Fig. 7. Chaikin’s subdivision algorithm.

Fig. 8. Chaikin’s reverse subdivision algorithm.

Fig. 9. Contour of the airplane obtained via reverse Chaikin’s subdivision (iterations:3, 4, 5) with 140, 70 and35

points, respectively joint by lines.

subdivision. Also some results on reverse subdivi-
sion methods for patches are reported in literature
[1],[10]. The main difficulty in extension of the
fractal method from 2D to 3D is the lack of effi-
cient segmentation algorithms for 3D shapes sim-
ilar to as IPAN99 algorithm which is applicable
only for 2D contours.
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